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This paper presents a new semi-analytic perturbation differential quadrature method for
geometrically nonlinear vibration analysis of circular plates. The nonlinear governing equa-
tions are converted into a linear differential equation system by using Linstedt–Poincaré
perturbation method. The solutions of nonlinear dynamic response and the nonlinear free
vibration are then sought through the use of differential quadrature approximation in
space domain and analytical series expansion in time domain. The present method is val-
idated against analytical results using elliptic function in several examples for both
clamped and simply supported circular plates, showing that it has excellent accuracy
and convergence. Compared with numerical methods involving iterative time integration,
the present method does not suffer from error accumulation and is able to give very accu-
rate results over a long time interval.
 2009 Elsevier Inc. All rights reserved.1. Introduction
Geometrically nonlinear vibration of plates has long been a subject receiving numerous research efforts. Numerous stud-
ies have been reported in open literature, see, for example, those by Chandrasekharappa and Srirangarajan [1], Chandrashek-
hara and Tenneti [2], Chang and Ke [3], Haterbouch and Benamar [4], Nerantzaki and Katsikadelis [5], Celep and Guler [6].
Most of previous studies employed traditional ﬁnite difference schemes to determine the nonlinear transient response [7].
To improve the accuracy and computational efﬁciency, quite a few analytical or numerical methods have so far been pro-
posed. Among many others, Nath [8] and Nath et al. [9] employed implicit Houboh time marching schemes in time domain
for the calculation of nonlinear transient response of clamped and simply supported rectangular and circular plates resting
on Winkler–Pastemak elastic foundation and subjected uniform step and sinusoidal loadings. Chen et al. [10] developed a
semi-analytical ﬁnite strip method for the analysis of geometrically nonlinear response of rectangular composite laminated
plates having simply supported ends based on the ﬁrst-order shear deformation plate theory. The method of differential
quadrature (DQ), which has been successfully used in solving boundary value problems, has also been extended to solve ini-
tial value problems of plates and was used to discretize the time domain [11,12]. It was found that the DQ method is uncon-
ditionally stable higher-order accurate time step integration algorithms in structural dynamic analysis [13]. Recently, Civalek
[14] solved the geometrically nonlinear dynamic problem of thin rectangular plates resting on Winkler–Pasternak two-
parameter elastic foundation by discretizing the governing nonlinear partial differential equations of the plate in space
and time domains using the discrete singular convolution (DSC) and harmonic differential quadrature (HDQ) methods,. All rights reserved.
(T. Yang).
S. Peng), j.yang@rmit.edu.au (J. Yang).
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of structures published so far employ step-by-step iterative time integration schemes which require a very small time step
size in order to obtain dynamic response with sufﬁcient accuracy. This is inevitably computationally expensive. Another big
concern associated with these iterative schemes is the error accumulation in each time step which may result in a huge loss
of accuracy and sometimes numerical stability problem.
The objective of this paper is to present a new semi-analytical method based on perturbation technique and differential
quadrature approach for the geometrically nonlinear dynamic response of thin circular plates. The proposed method em-
ploys differential quadrature approximation to accommodate various boundary conditions and an analytical time series
in the time domain so that the above-mentioned disadvantages associated with iterative time integration are avoided.
The present paper is structured as follows: Section 2 deals with the theoretical formulations, starting with the nonlinear gov-
erning equations for the circular plate, followed by the transformation of these governing equations into a group of linear
differential equations by using Linstedt–Poincaré perturbation procedure; Section 3 brieﬂy outlines the differential quadra-
ture rules. Section 4 gives the detailed semi-analytical solution process for each perturbation equation. Section 5 presents
both convergence and accuracy studies of the proposed method through several examples by direct comparisons between
the present results and analytical solutions using elliptical function. Some concluding remarks are summarized in Section 6.
2. Mathematical formulations
2.1. Nonlinear governing equations of motion
Consider an isotropic, homogeneous thin circular plate of radius a, thickness h, mass density q, Young’s modulus E, and
Poisson ratio l subjected to a time-varying, axially symmetric lateral load q (r, t). Let Wr and Ur be the transverse displace-
ment and radial displacement, respectively. Within the framework of classical thin plate theory, the geometrically nonlinear
partial differential equations governing the ﬂexural vibration of the plate are [15]Ur;rr þ 1r Ur;r 
Ur
r2
þWr;rWr;rr þ 1 l2r W
2
r;r ¼ 0; ð1Þ











; ð2Þwhere a comma denotes partial differentiation with respect to the radial coordinate, a super dot stands for the partial dif-
ferentiation with respect to time t and the bi-harmonic operator in polar coordinates is r4 ¼ @4
@r4 þ 2r @
3
@r3  1r2 @
2
@r2 þ 1r3 @@r.
The boundary conditions, take a circular plate with clamped edge for example, require thatWrða; tÞ ¼ Wr;rða; tÞ ¼ 0; Urða; tÞ ¼ 0; ð3aÞ
Wrð0; tÞ is limited; dWrð0; tÞdr ¼ 0; Urð0; tÞ ¼ 0: ð3bÞThe initial conditions considered in this study include the given initial displacements and zero-valued initial velocity, i.e.Wrðr;0Þ ¼ /Wðr; 0Þ; Urðr;0Þ ¼ /Uðr;0Þ; ð4aÞ
_Wrðr;0Þ ¼ 0: ð4bÞTo facilitate theoretical formulations and the differential quadrature solution in space domain, the following dimension-
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Dh
:wherexL andx are linear and nonlinear natural frequencies of the plate, respectively. The nonlinear governing equations (1)
and (2) can be written in dimensionless form asu;nn þ 1n u;n 
u
n2















: ð6ÞThe boundary conditions becomewð1; sÞ ¼ w;nð1; sÞ ¼ 0; uð1; sÞ ¼ 0; ð7aÞ
wð0; sÞ limited; w;nð0; sÞ ¼ 0; uð0; sÞ ¼ 0; ð7bÞwhile the dimensionless initial conditions take the form ofwðn;0Þ ¼ /wðn; 0Þ; uðn; 0Þ ¼ /uðn; 0Þ; ð8aÞ
_wðn;0Þ ¼ 0: ð8bÞ
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According to Linstedt–Poincaré perturbation technique, the dimensionless deﬂection w, radial displacement u, and fre-








p2 ¼ 1þ e2r2 þ e4r4 þ    ð9cÞ
Substituting Eq. (9) into Eqs. (5)–(8) and equating the terms of the same power of e yields a series of perturbation equa-
tions and the associated boundary and initial conditions as follows:
e1 (ﬁrst-order perturbation):r4wð1Þ þ €wð1Þ ¼ 0; ð10Þ
wð1Þð1; sÞ ¼ wð1Þ;n ð1; sÞ ¼ 0; ð11aÞ
wð1Þ;n ð0; sÞ ¼ 0; wð1Þð0; sÞ limited; ð11bÞ


















uð2Þð0; sÞ ¼ uð2Þð1; sÞ ¼ 0; ð13aÞ
uð2Þðn; 0Þ ¼ /uðn;0Þ=e2: ð13bÞ
e3 (third-order perturbation):



















wð3Þð1; sÞ ¼ wð3Þ;n ð1; sÞ ¼ 0; ð15aÞ
wð3Þ;n ð0; sÞ ¼ 0; wð3Þð0; sÞ limited; ð15bÞ




















uð4Þð0; sÞ ¼ uð4Þð1; sÞ ¼ 0; ð17aÞ
uð4Þðn; 0Þ ¼ 0: ð17bÞ
Perturbation equations of the order higher than 4 are not detailed here for brevity.3. Differential quadrature method
The differential quadrature method (DQM) is proposed by Bellman [16] to solve linear and nonlinear differential equa-
tions, and it was later introduced to structural analysis by Bert et al. and many others [17–28]. Its basic idea is to approx-
imate an unknown function and its partial derivatives with respect to a spatial variable at any discrete point as the linear
weighted sums of their values at all the discrete points chosen in the solution domain.
According to the DQM rule, an unknown function g(n) and its nth order derivative g(n)(ni) with respect to n can be approx-







CðnÞij gðnjÞ; ð18bÞwhere g(ni) is the function value at point ni and the Lagrange interpolation polynomial take the form of




ðn njÞ; Mð1ÞðniÞ ¼
YN
j¼1;i–j












CðnÞij for n ¼ 1;2; . . . ;N  1: ð19cÞNote that CðnÞij is dependent on the sampling point distribution only. Among the point distribution schemes proposed in pre-
vious studies, Chebyshev–Gauss–Lobatto sampling grid point scheme given below has excellent convergence [18] and is
therefore adopted in the present studyni ¼
1
2
1 cos i 1
N  1p
  
; i ¼ 1;2; . . . ;N: ð20Þ4. Semi-analytical solution
4.1. Semi-analytical solution of the ﬁrst-order perturbation equation
Setting the right-hand-side term in the ﬁrst-order perturbation equation (10) to be zero, one obtains the equation for the
linear free vibration of circular platesr4wð1Þ þ €wð1Þ ¼ 0: ð21Þ





m ðnÞ; ð22Þwith the analytical functionTm1ðtÞ ¼ cosðpmtÞ; ð23Þ
being the solution in time domain for the ﬁrst-order perturbation equation, pm and w
ð1Þ
m are the frequency parameter and the
associated mode shape function, M is the total number of truncated series terms.
The transient deﬂection at an arbitrary sampling point ‘i’ can be expressed as a cosine series with a supplementary term
aswð1Þðni; sÞ ¼ ri0 þ
XNS
m¼1
rim cosðpmsÞ; ði ¼ 1; . . . ;NÞ; ð24Þwhere Ns is the total number of terms in the truncated time series and coefﬁcients rim need to be determined. Denoting
wi0 ¼ wð1Þðni;0Þ ¼ /wðni;0Þ=e and enforcing the initial conditions in Eqs. (11c)–(24) givesri0 ¼ wi0 
XNs
m¼1
rim: ð25ÞTherefore,wð1Þðni; sÞ ¼ wi0 þ
XNS
m¼1





m cosðpmsÞ: ð27ÞUsing the DQM rules for spatial derivatives and with Eq. (27) in mind, the ﬁrst-order perturbation equation (10) at grid point
ni and time ‘‘point” sk becomes




































wj0 i ¼ 2; . . . ;N  2; k ¼ 1; . . . ;Ns: ð28ÞThe DQM-analogs of the boundary conditions in Eq. (11) areXN
j¼1
Cð1ÞN1jw




ð1Þðn1; skÞ ¼ 0: ð29bÞEqs. (28) and (29) constitute a linear algebraic equation system consisting of N  Ns equations in a matrix form as
½C1fr1g ¼ ff1g; ð30Þwhere [C1], {r1}, and {f1} are coefﬁcient matrix, unknown vector to be solved, and the generalized load vector due to initial
deﬂection wi0, respectively.
Write the deﬂection at sampling point i in the form ofwð1Þðni; sÞ ¼
XNs
m¼1
dim cosðpmsÞ: ð31ÞComparing this expression with Eq. (24) giveswi0 þ
XNs
m¼1
ðcosðpmskÞ  1Þrim ¼
XNs
m¼1
cosðpmskÞdim ð32Þfrom which dim can be determined. The deﬂection response of the plate in the ﬁrst-order perturbation equation can then be













4.2. Semi-analytical solution of the second-order perturbation equation
Similar to the solution process of the ﬁrst-order perturbation equation, the unknown displacement u(2) in the second-or-
der perturbation equation is assumed to beuð2Þðn; sÞ ¼
X1
m¼1
Tm2ðsÞwð2Þm ðnÞ: ð34ÞSubstituting the ﬁrst-order deﬂection solution and Eq. (34) into the 2nd order perturbation equation (12), one hasX1
m¼1














: ð35ÞThis givesTm2 ¼
X1
l¼1
fcos½ðpm þ plÞs þ cos½ðpm  plÞsgwð2Þml ; ð36Þwherewð2Þml ¼
 n22k wð1Þm;nwð1Þl;nn þ 1l2n wð1Þm;nwð1Þl;n
	 

n2wð2Þm;nn þ nwð2Þm;n  wð2Þm





fcos½ðpm þ plÞs þ cos½ðpm  plÞsgwð2Þml ð37Þ
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½cos½ðpm þ pnÞs þ cos½ðpm  pnÞs  2f gdimn; ð39Þin which ui0 ¼ uð2Þðni;0Þ;rimn denote the parameter to be determined.
Putting Eq. (39) into Eq. (25) and applying DQM approximation to the resulting equation leads toXN
j¼1







































½n2i Cð2Þij þ niCð1Þij uj0 þ ui0 ði ¼ 2; . . . ;N  1; k ¼ 1; . . . ;N2s Þ; ð40ÞTogether with the DQM approximation of the boundary condition in Eq. (13a) at i = 1, N, a matrix equation can be obtained as½C2fd2g ¼ ff2g; ð41Þ
where [C2], {d2} and {f2} are the weighting coefﬁcient matrix, the unknown parameter matrix to be solved and the general-
ized load matrix, respectively.
















cos½ðpm þ pnÞsk þ cos½ðpm  pnÞskf gdimn: ð43ÞOnce u(2)(ni,s) is obtained, the axial displacement at an arbitrary point of the plate can be interpolated by using high-order
Lagrange polynomialuð2Þðn; sÞ ¼
XN
i¼1
uð2Þðni; sÞLiðnÞ: ð44ÞIt can then be deduced from Eqs. (36), (43), and (44) that wð2Þml in Eq. (37) takes the form ofwð2Þmn ¼
XN
i¼1
dimnLiðnÞ: ð45Þ4.3. Semi-analytical solution of the third-order perturbation equation
The third-order perturbation equation can be rewritten asr4wð3Þ þwð3Þ;ss ¼ f : ð46Þ
It is noticed that the right-hand-side term





















































































































þ f  ð48Þso that the secular terms appear in f* only andf  ¼ r2
X1
m¼1



































































































































































































Ak3 cosðpk3sÞ þ Bk3 sinðpk3sÞ½ wð3Þk ðnÞ þwð3Þk ðn; sÞ
n o
: ð53ÞThe requirement that must satisfy the initial conditions in Eq. (15c) means that Ak3 = 0, Bk3 = 0. The particular solution








cosðpksÞ  cos½ðpm þ pn þ plÞs








cosðpksÞ  cos½ðpm þ pn  plÞs









cosðpksÞ  cos½ðpm  pn þ plÞs








cosðpksÞ  cos½ðpm  pn þ plÞs









cosðpksÞ  cos½ðpm  pn  plÞs
ðpm  pn  plÞ2  p2k
#
ðk ¼ 1; . . . ;1Þ: ð54Þ




























Tk3ðsÞdi3k; ði ¼ 1; . . . ;NÞ; ð55Þwhere ri3k are unknowns to be solved.
Following the DQM approximation procedure and keeping in mind one of the associated boundary conditions that re-
















3k ¼ 0: ð57ÞEqs. (56) and (57) can be cast in a matrix form as½C3fr3g ¼ ff3g; ð58Þ
where [C3], {d3} and {f3} are the coefﬁcient matrix, the unknown vector composed of ri3k, and the generalized load matrix,
respectively.
Upon the solution of {d3}, the deﬂection response of an arbitrary point in the plate in the third-order perturbation equa-
tion can be interpolated bywð3Þðn; sÞ ¼
XN
i¼1
wð3Þðni; sÞLiðnÞ: ð59ÞFinally, the nonlinear vibration response of the plate can be obtained from Eq. (9a)wðnÞ ¼ ewð1ÞðnÞ þ e3wð3ÞðnÞ þ    ; ð60Þ
while the nonlinear vibration frequency, with higher-order terms being neglected, is given by Eq. (23) asxm
xL
 2
¼ 1þ e2r2m: ð61Þ5. Numerical results
To illustrate its efﬁciency and accuracy, the proposed semi-analytical approach is used to study the nonlinear frequency
and dynamic response of thin circular plates with edge clamped or simply supported. To facilitate a direct comparison withar central deﬂection response of a clamped circular plate: solutions with varying number of terms in time series Ns (time: 102 s; deﬂection: 103 m).
Analytical [15] N = 15, Ns = 1 N = 15, Ns = 2 N = 15, Ns = 3 E1 (%) E2 (%) E3 (%)
8.00000 8.00000 8.00000 8.00000 0.00 0.00 0.00
5.93967 5.77124 5.78162 5.88987 2.83 2.66 0.84
4.32692 4.50824 4.38191 4.37976 4.19 1.27 1.22
7.15217 8.17858 7.29293 7.21526 2.81 1.97 0.88
3.03137 2.91667 2.95370 3.02948 3.78 2.56 0.06
6.83555 6.76686 6.89132 6.83902 1.12 1.00 0.05
7.85356 7.82338 7.82491 7.83698 0.38 0.36 0.21
4.84836 4.59245 4.60056 4.72747 5.28 5.11 2.49
0.40932 0.43209 0.42346 0.41958 5.56 3.46 2.50
7.97254 8.21483 8.21338 8.18186 3.04 3.02 2.62
1.64634 1.54091 1.61266 1.67658 6.40 2.05 1.84
3.78063 3.57728 3.67462 3.79990 5.38 2.80 0.51
7.49643 7.46654 7.49015 7.49386 0.40 0.01 0.03
7.42195 7.30844 7.31373 7.35759 1.53 1.46 0.87
3.60493 3.49157 3.53098 3.53498 3.14 2.05 1.94
1.83760 1.88141 1.86273 1.86170 2.38 1.37 1.31
5.34136 5.14378 5.27310 5.39730 3.70 1.28 1.05
0.21109 0.19849 0.20439 0.20884 7.28 4.53 2.45
5.00604 4.85751 4.94924 4.95728 2.97 1.13 0.97
2.25330 2.18037 2.19456 2.20649 3.24 2.61 2.08
7.24186 7.55081 7.50403 7.43568 4.27 3.62 2.67
4.15828 3.91493 4.00075 4.21516 5.85 3.79 1.37
1.22422 1.34219 1.28188 1.24369 9.64 4.71 1.59
Table 2
Nonlinear central deﬂection response of a clamped circular plate: solutions with varying total number of sampling points N (time: 102 s; deﬂection: 103 m).
Time Analytical [15] N = 9, Ns = 2 N = 13, Ns = 2 N = 19, Ns = 2 E4 (%) E5 (%) E6 (%)
0.00 8.00000 8.00000 8.00000 8.00000 0.00 0.00 0.00
0.12 5.93967 5.69252 5.78045 5.96831 4.16 2.68 0.48
0.36 4.32692 4.6004 4.24850 4.29368 6.32 1.81 0.76
0.60 7.15217 7.39319 7.29441 7.20528 3.37 1.99 0.74
0.72 3.03137 3.21765 3.13903 3.03134 6.15 3.55 0.00
0.96 6.83555 6.70699 6.76607 6.83902 1.88 1.02 0.06
1.08 7.85356 7.81483 7.82477 7.84573 0.49 0.37 0.10
1.20 4.84836 4.49767 4.59923 4.81940 7.23 5.14 0.60
1.32 0.40932 0.44879 0.43750 0.41689 9.64 6.88 1.85
1.56 7.97254 8.21597 8.21424 8.13169 3.05 3.03 1.99
1.80 1.64634 1.55250 1.72247 1.61391 5.70 4.62 1.97
1.92 3.78063 3.88971 3.67303 3.67587 2.89 2.85 2.77
2.04 7.49643 7.55154 7.52745 7.49423 0.74 0.41 0.03
2.16 7.42195 7.27721 7.31324 7.38939 1.95 1.46 0.44
2.28 3.60493 3.28494 3.28472 3.48919 8.88 8.87 3.21
2.40 1.83760 1.90954 1.89539 1.85698 3.91 3.14 1.05
2.76 5.34136 5.18333 5.48644 5.27525 2.96 2.71 1.24
2.88 0.21109 0.16947 0.19839 0.21038 20.8 7.33 1.73
3.00 5.00604 5.17243 5.08259 4.95859 3.32 1.53 0.95
3.36 2.25330 1.90093 2.02782 2.21864 15.6 10.0 1.54
3.60 7.24186 7.58445 7.50538 7.41746 4.73 3.64 2.42
3.84 4.15828 3.87014 3.99864 4.12470 6.93 3.4 0.81
3.96 1.22422 1.38539 1.30440 1.23896 13.2 6.55 1.20





















: Present; : Analytical
Fig. 1. Nonlinear central deﬂection response of a clamped circular plate.
J.-S. Peng et al. / Applied Mathematical Modelling 33 (2009) 4303–4313 4311existing analytical results, circular plates subjected to initial vibration amplitude with zero-valued initial velocity only are
considered in this section although the present method can be applied to more general initial conditions and dynamic load-
ings. The geometrical and material parameters used in the following computations are: a = 0.5 m, h = 0.01 m, E = 150 GPa,
q = 8  103 kg/m3, l = 0.3333. Numerical results in terms of the normalized fundamental frequency x/xL and dynamic
deﬂection wc at the center of the circular plate are presented in both tabular and graphical forms and compared with the
analytical results using elliptical function [15] in Tables 1 and 2 and Figs. 1–3 and those using Galerkin elliptic function
[15] in Fig. 4.
Tables 1 and 2 give the central deﬂections of a clamped circular plate subjected to an initial deﬂection /w = 0.008(1  n2)2
(m), calculated by using different truncated series terms in the time domain and various total number of sampling points N
in the space domain, respectively. E1, E2, and E3 in Table 1 indicate the difference percentages between the analytical solu-
tions and the present results when the truncated time series varies from 1 to 3 and the total number of sampling points is
ﬁxed at N = 15 while E4, E5, and E6 in Table 2 are those when the total number of sampling points is changed (N = 9,13,19)
and the truncated time series is ﬁxed at Ns = 2. As can be seen, the present method is capable of giving very accurate results
with (N,Ns) = (15,3) or (N,Ns) = (19,2). We have calculated the nonlinear dynamic response of circular plates with other edge
supports as well and found that the results exhibit the same convergence characteristics as discovered in Tables 1 and 2.
These results are, therefore, not presented for brevity. In what follows, (N,Ns) = (15,3) is used in computations.
Fig. 1 shows the nonlinear dynamic central deﬂection over a relative long time history. It is observed that our results are



















































0.012 : Present;  : Analytical
Fig. 3. Nonlinear central deﬂection response of a simply supported circular plate.























Nondimensional central deflection, wc/h
Simply suported
Clamped
Fig. 4. Nonlinear fundamental frequency ratio versus dimensionless central deﬂection of circular plates with different boundary conditions.
4312 J.-S. Peng et al. / Applied Mathematical Modelling 33 (2009) 4303–4313racy quickly deteriorates at later time steps due to accumulative errors, the proposed technique is able to give results with
excellent accuracy even for a very long time interval because it does not involve iterative time integration and accumulative
errors.
Fig. 2 depicts the nonlinear central deﬂection response of a clamped circular plate with different initial deﬂections, i.e.
/w = 0.005(1  n2)2, /w = 0.009(1  n2)2, and /w = 0.012(1  n2)2, denoted by case A, case B, and case C, respectively. Fig. 3
J.-S. Peng et al. / Applied Mathematical Modelling 33 (2009) 4303–4313 4313gives the central deﬂection response of a simply supported circular plate with an initial deﬂection
/w ¼ 0:008 1 6þ2l5þl n2 þ 1þl5þl n4
h i
. The effectiveness of the present method in nonlinear free vibration analysis is demonstrated
by Fig. 4 where the normalized fundamental frequency ratios x/xL for a clamped circular plate and a simply supported cir-
cular plate at varying vibration amplitudes are presented. Comparison with analytical results in these ﬁgures shows that
once again, excellent agreement is achieved.
6. Conclusion
A new semi-analytical method for geometrically nonlinear vibration analysis of circular plates with different boundary
conditions is presented in this paper. The proposed method is based on the perturbation technique, differential quadrature
approximation, and an analytical series expansion in the time domain. Numerical results show that this method has excel-
lent accuracy and convergence characteristics. Compared with other numerical approaches that use step-by-step time inte-
gration, the present method has a unique advantage of being capable of producing results with very good and stable accuracy
at a long time interval because the error accumulation is avoided due to the use of the analytical time series.
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